Brush-like structures emerge from stretching of long polymer chains, densely grafted on to the surface of an impermeable substrate. They arise due to the competition between conformational entropic elasticity of polymer chains and excluded volume interactions from the intra and interchain monomer repulsions. Recently, stimuli responsive polymer brush based soft materials have been developed to produce controllable and reversible large deformations of the host substrate. To understand these systems, and improve their functional properties, we study elastic stress distribution and surface stress-curvature relations of a neutral polymer brush grafted on to an elastic beam, made of a soft material. In the strongly stretched brush regime, we combine mean field theory from polymer physics with a continuum mechanics model and show that the residual stress variation is a quartic function of distance from the grafting surface, with maximum stress occurring at the grafted surface. Idealizing the brush as a continuum elastic surface layer with residual stress, we derive a closed form expression for surface stress and the surface elasticity of the layer as a function of brush parameters, such as graft density and molecular weight. The generalized continuum beam model accounts for the Young-Laplace and Ogden-Steigman curvature elasticity correction terms, and yields a surface stress-curvature relation, which contains existing relations in the literature as special cases. Further, we report experiments on a thermoresponsive random copolymer brush, Poly(N-isopropylacrylamide)-co-Poly(N,N-Dimethylacrylamide) (PNIPAm-co-PDMA) brush, grafted on one side of a plasticized poly(vinyl chloride) (pPVC) thin film. Estimated surface stress from measured curvature is on the order of −10 N/m, and it decreases gradually, and reversibly, with increasing ambient temperature from 15
Introduction
Polymer brushes (PB) (Milner, 1991; Edmondson et al., 2004 ) (see Fig. 1 ) are soft active materials (SAMs) that produce reversible deformation (Zou et al., 2011) in response to external stimuli, such as a change in temperature, pH, light, electromagnetic fields, among others. Other examples of SAMs include, stimuli-responsive gels (Ahn et al., 2008; White et al., 2013) , electroactive polymers (Scrosati et al., 1993; Wang et al., 2016) , liquid crystal elastomers (Küpfer and Finkelmann, 1991; White and Broer, 2015) and shape memory polymers (Lendlein and Kelch, 2002; Hager et al., 2015) . Growing technological applications of these materials in the areas of drug delivery, self assembly, therapeutics, biomedical engineering, soft robotics etc. (Hamley, 2003; Bawa et al., 2009; Albert and Epps, 2010; Alarcón et al., 2005; Majidi, 2014) have led to considerable scientific interest in understanding their mechanical response (Hong et al., 2008; Utz and Begley, 2008; Wang et al., 2015) . Stimuli response originating from surface modification, a unique feature of PB-SAMs, is advantageous due to minimal trade-off with other bulk material properties. Polymer brushes have been used as programmable material (Kelby et al., 2011) for sensing and actuation (Abu-Lail et al., 2006; Klushin et al., 2014) , as microcantilever coatings in glucose sensing (Chen et al., 2010) , selective metallic ion sensing (Peng et al., 2017) , microcantilever actuation (Zhou et al., 2006 , and as macroscale bending stretching actuators (Zou et al., 2011 ) exhibiting large elastic deformations. A comprehensive overview of polymer brushes and their applications is available in Stuart et al. (2010) and Azzaroni (2012) .
End-grafted long polymer chains adapt a stretched configuration in the presence of a good solvent 1 at a sufficiently high grafting density at which neighbouring chains interact (Alexander, 1977; de Gennes, 1980; Milner, 1991) . This brush-like structure (see Fig. 1 ), reminiscent of bristles on a tooth brush, is governed by a combination of strong entropic repulsion between monomers in a crowded monolayer, entropic stretching of polymer chains and constraints set by end grafting. The entropic spring force strives to bring the two ends of a polymer chain together as a closed chain configuration has maximum entropy. Excluded volume effects among the monomers, present within and neighbouring chains, tend to extend the chain. In a good solvent these repulsive interactions compete with entropic elasticity and the chains extend away from the substrate, forming a brush structure. Significantly, these interactions make a brush behave like an elastic surface layer with residual surface stress which can be changed depending on the solvent quality. These stresses deform the underlying elastic substrate (Zou et al., 2011; Utz and Begley, 2008) . Further, in the presence of an external stimulus the interaction between monomers and the solvent is altered, such as through hydrogen bond breaking between polymer and solvent. This makes the solvent a poor solvent, leading to collapsed chain structure. In Figure 7S A) SEM image of partial PDMA grafting on one side of pPVC; B) two wet specimen with partial PDMA grafting on single side was prepared from the same batch of SI-ATRP. Similar curvature was observed verifying the uniform coating and polymerizaiton.
The coated and uncoated lengths are denoted as L 1 and L 2, respectively in Figure 3A (main text). Every cross section within the coated/grafted region is subjected to a constant, internal bending moment, , of magnitude about the mid-plane. Here, and denote the width and thickness of the pPVC substrate, respectively. Outside the coated region there is no bending moment. The deformed elastic curve can be obtained by solving the momentcurvature relation for a thin Euler-Bernoulli beam 6c together with the boundary conditions of zero displacement and rotation at the fixed end:
where is bi-axial Young's modulus related to the uni-axial Young's modulus and
Poisson ratio via the relation ; is the second moment of area of cross section about the mid-plane. For a specimen with rectangular cross-section, . ing (Figure 2 B4 ). The differences in the behavior ffect of dehydration-rehydration on the bending of a te with PDMA chains grafted on one side (12 h SI-ATRP). fferent drying processes on the reversibility of the Photograph of a wet PDMA-grafted pPVC substrate, h of the substrate dried under vacuum, B3) photograph te dried by a hot gun, B4) ATR-FTIR spectra of a PDMApPVC substrate dried in vacuum (dot-dashed line) and n (solid line), B5 and B6) relationship of the bending rent wetting-drying cycles under different drying conacuum drying, B6: hot-gun drying). C) Cross-sectional electron SEM images of C1: unmodified pPVC, C2: with PDMA (24 h SI-ATRP), and C3: spin-coated PDMA scale bars in C1-C3 represent 5 mm. a stimuli-responsive polymer brush, residual surface stress as well as surface elasticity can be reversibly modified by switching between stretched (good solvent) and collapsed (poor solvent) states. A wide range of applications exist for stimuli sensitive polymer brushes, as detailed earlier.
Several theoretical approaches exist in polymer physics to describe the statistical mechanics of polymer brushes, see Halperin (1994) , Netz and Andelman (2003) and Binder and Milchev (2012) for a review. The pioneering qualitative scaling theories of Alexander (1977) and de Gennes (1980) have been refined, and, in strong-stretching limit of polymer chains quantitative mean-field theories have been proposed, whose predictions have been verified by molecular dynamic studies (Netz and Andelman, 2003) . Scaling arguments establish a power law dependence of macroscopic properties of a brush on its molecular scale parameters. Typically the brush height (H) is related with number of monomers in a polymer chain (N ), effective monomer size (a), and graft density 2 (ρ g ), according to the scaling relation:
g . A remarkable feature of this scaling relation is that for sufficiently large ρ g , the height of the brush H is larger than the Flory radius 3 (R F ), so that the polymer chains are strongly stretched to avoid high monomer density. However, scaling theory assumes a step profile for monomer density and further assumes that all free ends of chains are at same 2 Number of polymer grafting points on unit area of the substrate 3 Quantifies the volume occupied by a single polymer chain with no neighbouring chain 3 height above the grafting surface. These restrictions are relaxed in mean filed theory. In a mean field theory (Scheutjens and Fleer, 1979) , each polymer chain is considered to be in a position-dependent mean field, which is equivalent to interaction with the surrounding monomers, and the mean field in turn is dependent on monomer density. Density profile is obtained numerically by utilizing the fact that the monomer density and the mean field at the minimum free energy configuration of the brush are self consistent (Cosgrove et al., 1987; Milner, 1990) . The mean field and scaling theories differ in the structure of the polymer brush, particularly in terms of chain end distribution throughout the height of the brush and monomer density profile. In the regime of strong stretching (Netz and Schick, 1998) , the partition function of a brush is dominated by the classical paths of the chains, and other stochastic fluctuations about these paths can be ignored (Semenov, 1985) . This forms the basis for strong stretching theory (SST) which provides semianalytical and analytical results for the brush structure (Milner et al., 1988; Skvortsov et al., 1988; Zhulina et al., 1991) . In a moderately dense brush (ρ g a 2 0.1), binary interactions between monomers are dominant. Using only binary interactions between monomers in SST leads to the analytical prediction of parabolic monomer density profile among other properties of the brush (Milner et al., 1988; Skvortsov et al., 1988) . Parabolic profile has been observed in experiment (Auroy et al., 1992) and has also been confirmed by molecular dynamics simulation studies (Murat and Grest, 1989; Grest and Murat, 1993; Dimitrov et al., 2007) in the bulk of the brush. However deviations from parabolic profile is observed due to depletion layers near the grafted end, and a tail near the free end. Both the mean field theory and scaling theory yield the same scaling relation for the dependence of height on brush parameters (see Table A .3), but their prediction of brush free energy is not the same. Table 1 compares free-energy expressions used in three different approaches: global Flory argument for the entire brush (see Appendix A), SST (local Flory argument), and scaling theory. The difference in scaling occurs because unlike scaling theory, mean field theory does not capture the excluded volume correlations that occur in the limit of strong excluded volume interactions. This also limits the applicability of mean field theory to brushes with weak excluded volume interactions (v 2 << ρ g a 8 << 1, where v is binary interaction parameter) (Milner et al., 1988; Kreer et al., 2004) . Note that strong stretching does not necessarily require strong excluded volume interactions and can be brought about by other parameters such as high graft density.
In this work, stress in a polymer brush grafted to a rigid substrate is derived using mean field theory for brushes (Milner et al., 1988; Zhulina et al., 1991) in good and θ-solvents. The remainder of this article is organized as follows. A relation between the molecular scale parameters of a brush, and the surface stress and surface elasticity due to polymer brush is obtained in Section 2, by treating polymer brush as a surface layer. It will be shown from free energy comparisons that a polymer brush can produce large bending deformation. Then, a mechanics model for a thin flexible beam coated with a polymer brush layer on its top surface is developed in Section 3, using virtual work principle and incorporating Young-Laplace and curvature elasticity corrections. We measure ). A thin layer at heigh Z is also shown.
Consider the schematic of a planar polymer brush shown in Fig. 2 . Free energy of the brush is the sum of interaction free energy F int and chain stretching free energy F el . Interaction free energy is a function of monomer number density φ(Z) and two functions are required to evaluate it: g(ζ), quantifying the number of chains per unit substrate area ending at height ζ ( H 0 g(ζ)dζ = ρ g ), and E(Z, ζ), local stretching at Z in polymer chains with ends at height ζ (Z ≤ ζ ≤ H), as stretching in a chain is not uniform along the length. Free energy can 5 then be expressed as:
where v and w, respectively, are the binary and ternary interaction parameters. p is asymmetry parameter, and l k is Kuhn length of polymer. p = 1 for a flexible polymer chain and p > 1 for a semiflexible chain. Monomer number density φ(Z) is related to g(ζ) and E(Z, ζ) as follows (Zhulina et al., 1991) :
with the normalization conditions:
Minimization of free energy in (1) with respect to g(ζ) and E(Z, ζ), under the constraints (3) yields the equilibrium properties of the brush (Zhulina et al., 1991) . Considerable simplification arises under good solvent conditions for moderate graft density brushes (the second term containing w in (1) is negligble) and θ-solvent (v = 0) conditions. In the following, we derive stress expressions for these two cases.
Good solvent
In brush regimes where binary interaction dominates, contribution from ternary interaction to the free energy density (w term in (1)) can be ignored, leading to the following simplified expression:
Minimization of free energy in this case yields analytical expressions for the unknown functions φ(Z), g(ζ) and E(Z, ζ), as well as H (Milner et al., 1988; Zhulina et al., 1991) as given below:
Free energy distribution obtained from SST for a planar brush is also nonuniform and it shows a variation through height of the brush. By calculating change in free energy density in a brush due to a uniform horizontal strain applied to it, we can obtain stress distribution within the brush.
In order to calculate lateral stress variation in height direction, we consider an infinitesimally thin rectangular layer of brush (Fig. 2 ) of unit horizontal area and of small thickness t at height Z above the grafted surface. Free energy of this infinitesimal layer is given by:
where f (Z) = ∆F/t is free energy density at height Z. Brush has residual stress σ IJ , I, J = X, Y, Z. For an infinitesimal strain IJ experienced by the thin layer when an infinitesimal strain xx is applied to the substrate,
where V 0 is the initial volume of the thin layer; µ is chemical potential of solvent in the layer and ∆N is the change in the number of solvent molecules in the thin layer due to the application of strain. We further assume transverse-isotropy of the polymer brush layer and ignore Poisson coupling. Assuming plain strain condition in Y direction, (10) converts to the following:
As the polymer molecules and the solvent are incompressible,
where Ω is volume of a solvent molecule. Substituting the above in (11) and diving by xx yields,
Expanding the left hand side term in the above and for xx approaching 0, we get,
7
As we are interested only in equilibrium conditions, µ = 0. Substituting this in the above, we obtain the expression for residual stress in X direction.
Note that the above equation is independent of the free energy density expression and can be used for SST with interactions of order higher than binary. To evaluate the above expression, we need to find
, we make use of the fact that the monomers in the layer of thickness t in the initial configuration remain in the layer after strain xx is applied on the substrate, though the layer displaces by u 3 in Z-direction as the brush reaches a new equilibrium. So, volume occupied by monomers remains unchanged but monomer density (φ(Z)) changes due to a change in volume of the layer. Hence,
Using (5) in the above, we obtain:
We also notice that
Using (18) and (19) in (17):
We can use (6) to evaluate ∂H ∂ xx . Note that xx changes H by changing graft density ρ g . Due to a change in surface area (
Substituting the above in (20) yields:
8 As φ(Z) is a quadratic function in Z (see (5)), we assume
Substituting this in the above equation and recognizing that
Substituting the above in (18) and (19) gives:
Now, we evaluate
using the expression in (9).
From (7) and (8), g(H) = 0 and E(Z, Z) = 0, and
g(H) = 0 means that the density of free ends at H is zero. E(Z, Z) = 0 means that the stretch in a polymer chain at its free end is zero. The expression for σ xx in (16) transforms to the following on substituting the relations in (24), (25) and (26).
In the above expression, the first term involving v results from nonbonded interaction. The remaining terms result from polymer chain stretching. Substituting (7), (8) and (27) in the above and carrying out the integration yields:
We observe that the nonbonded interactions contribute twice as much as the chain stretching in the expression for stress in a brush layer. Stress shows strong dependence on graft density. Its dependence on chain length is through brush height H. Also, stress goes to zero at Z = H smoothly (with zero slope and curvature) compared to monomer density φ(Z) (see (5)). It should be observed that since a plane shear strain ( xy ) on the surface of a substrate does not cause any change in surface area and consequently in graft density and free energy of a brush, plane residual shear stress (σ xy ) and the associated shear modulus of the brush equal zero.
θ-solvent
In a θ-solvent v = 0, and monomer-monomer interaction is governed by ternary interaction parameter w. Free energy density in a brush at a height Z is given by (Zhulina et al., 1991) :
and
Notice that monomer density profile is not parabolic. Also, height of the brush varies as square root of graft density. The number density of chains with end at height ζ is an increasing function and it assumes the maximum value at height H. The local stretch in a chain remains the same as in a chain in a good solvent. Following the same method as in Section 2.1, stress distribution in brush can be shown as:
wherein nonbonded interaction and chain stretching contribute equally in the expression for stress. Note that stress variation is no longer quartic with respect to the distance from the grafting surface and dependence of stress on graft density becomes stronger. Dependence of stress on chain length is again through the brush height H.
Surface stress and surface modulus
The surface stress due to the brush layer is obtained by summation of stress in all the layers in a brush. In a good solvent,
We observe that τ s has the same value for normal surface stress in any direction along the surface. Notice that τ s has stronger dependence on graft density compared to number of monomers in a polymer chain.
To obtain surface elastic modulus, we need to determine the change in surface stress as a brush coated substrate is stretched. Stretching of substrate causes change in graft density, which leads to a change in surface stress. Change in graft density due to small stretching of a substrate is given by:
Surface elastic modulus is obtained using the following relation:
We observe that the scaling of the surface stress and the surface modulus are the same. Their magnitudes are also of the same order. We can repeat the above calculation for a θ-solvent to obtain:
Table 2 compares surface stress expressions obtained from different theories. Note that difference in scaling of stress in a good solvent between SST and scaling theory originates from difference in scaling of free energy predicted by the two theories (see Table 1 ), even though brush height predictions agree (see Table A .3). The difference in scaling originates from the fact that mean field theory and SST do not take into account the excluded volume correlations that occur in the case of strong excluded volume interactions. Also, for θ-solvent, expression from scaling theory has an addition term coming from the term in the virial expansion of mean field free energy of mixing proportional to φ (Utz and Begley, 2008) . For large N , this term is typically ignored in mean field theory and SST. (Utz and Begley, 2008) . Note that in the expression from SST, p = 1 and hence β = 3/a 2 . 
Good solvent
θ solvent Flory argument −3 1 6 2/3 v 2/
Energetics of bending
We now qualitatively compare the change in free energy of a polymer brush due to a strain in substrate with the strain energy of bending of an Euler beam and obtain Young's modulus of the beam which will bend substantially due to a brush layer. This comparison is meaningful only when the brush remains planar, that is the length scale associated with the substrate curvature is large compared to brush height.
For bending of an Euler beam of thickness h due to brush grafted to its top surface,
where the term on the left is the change in the free energy of brush in a unit area because of strain due to bending in the substrate and the term on the right is bending strain energy per unit length of a beam with unit width. s is strain at the top surface of the beam due to bending and κ is curvature of bending. E is Young's modulus of substrate. On neglecting mid plane stretching in the beam, s = κh/2. Substituting this in the above relation yields:
Assuming that s ∼ 10 −3 , κh ∼ 10 −3 . In this case, deflection of the tip of a cantilever beam of length 50h is ∼ h. Now, we need to obtain τ s to be able to estimate Young's modulus of a beam that will show this level of strain and deflection due to bending.
We use (36) to estimate surface stress due to a brush. Excluded volume parameter v = a 3 (1 − 2χ), where χ is Flory-Huggins interaction parameter, which characterizes interaction between solvent molecules and monomers. In a good solvent, v ≈ a 3 as χ approaches 0 (de Gennes, 1979). We assume graft density ρ g ∼ 0.1/a 2 . Note that max(ρ g a 2 ) ≤ 1. For brushes with high molecular weight polymer chains (fabricated using ATRP method), N ∼ 10 4 . Taking a = 1 nm and p = 1 (flexible polymer), and at room temperature, τ 0 s ∼ −1 N/m and E s ∼ 1 N/m. Height of the brush is ∼ 1 µm. For a beam with 100 µm thickness, bending is considerable if E ∼ 100 M P a. Also, in this case radius of curvature is ∼ 10 cm. Since the radius of curvature is much larger than the height of the brush, the brush is planar.
In summary, energetics of bending of a beam due to polymer brush suggests that polymer brush can produce large deformation in thin beams of materials with low elastic modulus.
Large deflection of a beam with a polymer brush layer
In this section, we develop a mechanics model for a thin flexible beam (Young's modulus E, Poisson's ratio ν) with an elastic surface layer of nonzero thickness (elastic modulus E s , Steigmann-Ogden constant C) with residual stress due to polymer brush at its top surface, using the principle of virtual work. Surface stress in the undeformed state of the substrate is τ 0 s , and in the deformed beam, it is τ s . Fig. 3 shows the configuration with the undeformed substrate along with the deformed configuration. The model allows large deformation of the beam, however, strain should remain small (valid for thin beams). The absence of shear stress lets us assume that plane sections remain plane and perpendicular to the centreline of the beam. 
Bending of a classical Euler-Bernoulli beam is governed by:
where I is the second moment of area of cross-section of the beam and M is bending moment at the cross-section. In the presence of a surface layer, effective Young's modulus is modified (Zhu et al., 2009; Wang et al., 2010; Liu et al., 2011; Chhapadia et al., 2011) . Assuming identical surface layer at the top and bottom surfaces of a beam and accounting for mechanical equilibrium of surface led to inclusion of Young-Laplace correction term (Liu et al., 2011) . Accounting for nonzero thickness of surface necessitated introduction of curvature elasticity of surface (Chhapadia et al., 2011) in the effective modulus. Below, we review the conditions when the corrections become considerable and then formulate the governing equation for a beam with surface layer at its top surface by including the Young-Laplace and curvature elasticity corrections. For very thin substrates, mechanical equilibrium of the surface layer introduces correction in stress in the substrate through Young-Laplace relation. For a rectangular cross section with thickness h, the correction is considerable if τ s ∼ Eh ν . From our experiment, τ s ∼ −10 N/m. Hence, correction due to Young-Laplace relation is considerable if Eh ∼ 1 N/m (ν ∼ 10 −1 ). For E ∼ 10 6 P a, correction due to Young-Laplace relation is considerable for a micron thick beam.
Furthermore, the thickness of a polymer brush layer is ∼ 1 µm (Zou et al., 2011). Hence, for very thin substrates, the surface layer can not be assumed to be of zero thickness and curvature dependence of surface elasticity (Steigmann and Ogden, 1999; Chhapadia et al., 2011) may introduce considerable correction to effective modulus. For a rectangular beam with thickness h, effective elastic modulus (Chhapadia et al., 2011 ) is given as:
The second term in the above relates to the elasticity of the surface layer. The ratio E s /E is a material length scale (Miller and Shenoy, 2000) . The third term has its origin in curvature dependence of surface energy. Also, the effective thickness of a surface, h s , has been defined as h s = CE −1 s (Chhapadia et al., 2011) . So, for a given thickness of a surface layer, C = E s h 2 s . By substituting this relation in (44), we can conclude that the correction to effective modulus (E ef f ) due to Young's modulus of the surface and the curvature elasticity are of the same order if h s ∼ h. So for a polymer brush layer, the two corrections will be of similar order when the beam is a micron thick. Now, we develop governing equations for deformation of the beam, shown in Fig. 3 . Lagrangian strain in the beam is given by
where Z is the distance of a point from the centreline of the beam. We assume that the deformation of the beam does not change this distance. λ(X) is mid plane stretch. The axial stress (second Piola-Kirchhoff stress) in the beam is given by:
whereĒ = E/(1 − ν 2 ) (plane stress modulus). Normal stress in the bulk just underneath the surface layer in the direction normal to the centreline of the beam (σ + zz ) can be obtained using Young-Laplace theory (Liu et al., 2011) .
where
Also, since there is no brush on the bottom face of the beam σ − zz (X) = 0. Assuming that σ zz varies linearly in Z direction (Lu et al., 2006) , it is given by the following expression:
Substituting the above in (46) yields the expression for stress in the bulk.
Now, to obtain governing equation, we utilize the principle of virtual work. In equilibrium configuration,
where δW int and δW ext are internal and external virtual works respectively. As there is no external force in our case δW ext = 0. Hence, (51) reduces to δW int = 0. Internal virtual work has contribution from the bulk and the surface (δW int = δW bulk + δW surf ). The two contributions are given by:
where C dθ dX is surface moment stress (curvature κ = dθ(x) dx ≈ dθ dX for small strain, whereθ(x) = θ(X(x))) (Steigmann and Ogden, 1999; Chhapadia et al., 2011) . Note that we can use the linearized form of the surface moment stress (Chhapadia et al., 2011) , because in our coated beam system, strain is small even though rotation may not. From (45), variation in strain, δ XX , can be written as:
On substituting the expressions corresponding to σ xx (50) and δ XX (54) in (52), and integrating with respect to Z, the expression becomes
The expression for the virtual work contribution from the surface layer, δW surf is given by:
Using (55) and (56), the expression for total internal virtual work δW int is obtained as:
At the boundary, constraints can be applied on displacement or rotation, but not on stretch. So, we use the following relation to convert variation in stretch (δλ) in terms of variation in displacement and rotation (see Fig. 3 ).
where u is displacement in X-direction. Replacing δλ with expression in (59), simplifying the terms in (57) using integration by parts and applying the principle of variation, we obtain the following governing equations for a beam with surface stress.
The boundary conditions (BC) are given by the following equations:
It should be noted that the above equations are nonlinear. Furthermore, τ s itself depends on λ and dθ dX (see (48)). The above equations can be used to determine surface stress on a cantilever beam by measuring curvature in the beam. For a cantilever beam, boundary conditions (62) and (63) at the free end at X = L give:
Using the above, governing equations (60) and (61) turn out to be:
Using (67), relation between curvature (κ) and effective surface stress (τ s ) is obtained.
Using (66), axial stretch in the beam can be obtained.
The term 1 2 ν 1−ν dθ dX h appears because of Young-Laplace correction. To obtain κ for a known initial surface stress τ 0 s , we invoke small strain assumption and linearize (68) using κh << 1 (see Appendix B) to obtain:
This is the general form of equation relating curvature with surface stress in undeformed substrate configuration. By neglecting Young-Laplace correction term
in the denominator, we obtain the same expression for curvature as in Chhapadia et al. (2011) for no surface stress at the bottom face of the beam.
For this case, neutral axis is independent of surface stress and Young's modulus of the surface layer and is given by:
On discarding curvature elasticity contribution as well by substituting C = 0, we obtain a curvature relation that can also be obtained from equations in Begley et al. (2005) for a cantilever beam.
The above relation suggests a pertinent length scale as a ratio of elastic modulus of surface and that of the substrate at which effect of surface elastic modulus becomes significant. In Chhapadia et al. (2011) , molecular dynamics simulation of silver nanowire gives E s ∼ 10 N/m. For silver,Ē ∼ 10 11 P a. Hence, surface elastic modulus becomes significant for substrate thickness ∼ 10 −10 m. It is shown in Section 2.3 that E s ∼ |τ 0 s | for polymer brush. Now, κh << 1 implies τ 0 s /(Ēh) << 1 and hence E s /(Ēh) << 1. So the term E s /(Ēh) in denominator can be neglected to obtain the famous Stoney's relation.
Experiments
We experimentally estimate the surface stress due to polymer brush along with estimation of graft density of brush and molecular weight of polymer chains in the brush. To estimate surface stress due to polymer brush, a temperature sensitive random copolymer brush, Poly(N-isopropylacrylamide)-co-Poly(N,NDimethylacrylamide) (PNIPAm-co-PDMA) brush, was grafted on one side of a plasticized poly(vinyl chloride) (pPVC) film using surface-initiated atom transfer radical polymerization (SI-ATRP) method (Matyjaszewski and Xia, 2001; Zou et al., 2011) . In polymerization solution, 90% of monomer by weight is NIPAm as against 10% DMA. The polymerization time controls graft density and molecular weight of the polymer chains in the brush. This method is capable of producing high graft density brushes with large molecular weights of the polymer chains in the brush leading to large residual surface stress. Also, since the brush is sensitive to temperature, the change in surface stress with temperature is also estimated. Samples for the experiment were prepared with polymerization times of 16, 14, 12 and 9 hours, which gave brushes with decreasing graft density.
The pPVC beams used in the experiment are 2 cm long (apart from 0.5 cm length clamped between glass slides), 5 mm wide, and 254 µm thick. Young's modulus for the pPVC film is measured to be 11.13 M P a. We take a typical value of Poisson's ratio for pPVC of 0.4. A brush coated beam assumes a curved shape in water. The curvature of the beam changes as temperature is varied, due to a change in surface stress (see Fig. 4(b) ). To measure curvature of a beam coated with the brush at different temperatures, a water bath (see Fig.  4(a) ) was brought to the desired temperature and then the beam was placed in it. Temperature of the bath is varied from 15
• C to 55
• C by adding hot water to the bath. Note that the same level of water in the bath is maintained throughout the experiment by taking out requisite amount of water after mixing added hot water. After placing the beam in the bath at the desired temperature, we waited for two minutes for the brush to reach steady state before taking a photograph of the beam. During this waiting time, small amount of hot water was added to the bath to ensure that temperature stays within ±0.5
• C of the desired temperature level. The beam was photographed at different temperatures by a fixed camera. Using image processing in MATLAB, the edge of the cantilever beam was traced, and using circle fitting, curvature of the coated beam was determined (see Fig. 4(b) ). Note that some inaccuracy in measurement is introduced by the fact that the traced edge is not the same edge of the cantilever throughout its length. Near the fixed end of the beam, bottom edge of the beam is traced but near the free end, top edge of the beam is traced. Fig. 5 shows the variation of curvature of the beam with temperature.
From Fig. 5 , magnitude of curvature is (|κ|) ∼ 10 2 m −1 and the thickness of the substrates is h ∼ 10 2 µm. Hence the magnitude of strains (∼ |κh|) are ∼ 10 −2 . Therefore the assumption of small strain in the beams in the experiment is valid. So, we can use the measured curvature, κ, to find surface stress τ s in the beam using expression in (68) with the added assumption that C ≈ 0, since substrate thickness is much higher than the height of brush (∼ 1 µm).
Note that we have discarded curvature elasticity contribution in (75) because our beam is much thicker than the polymer brush layer. The surface stress variation with temperature is as shown in Fig. 5 . The maximum correction in the effective surface stress due to the Young-Laplace term in the denominator ( (75) is < 1%, suggesting that the term can be discarded. It can be observed from Fig. 5 that compressive surface stress due to brush decreases in magnitude with decreasing polymerization time. Also, magnitude of the surface stress can be decreased by ≈ 10 N/m by changing temperature from 15
• C. The change in temperature induces conformation change in 20 a thermoresponsive polymer solution at the lower critical solution temperature (LCST) of the polymer. However, the change in surface stress observed in our experiment is not sharp and occurs gradually over a range of temperature near LCST of PNIPAm (= 32 • C). It has been shown in Zhulina et al. (1991) that the transition in classical polymer 5 brush is affected by surface morphology and is not a phase transition but a cooperative conformational transition for a planar brush. So, the surface morphology may be causing the observed gradual transition. This may also result from vertical phase separation in PNIPAm brush instead of a complete conformation change (Halperin and Kroger, 2011; Varma et al., 2016) . Presence of PDMA, which is hydrophilic at temperatures near 15−55
• C, may also contribute to the gradual transition as well as nonzero surface stress at heigh temperature. A complete explanation is a work for the future.
We also estimated molecular weight of polymer chains and graft density of the brush. The number averaged molecular weight (M n ) of the polymer chains was estimated by gel permeation chromatography (GPC) (see Zou et al. (2011) for details) to be ≈ 10 6 g/mol. The degree of polymerization (number of monomers in a polymer chain) in the brush is N = M n /113.16 ≈ 10 4 as molecular weight of NIPAm is 113.16 g/mol and we neglect contribution of PDMA to molecular weight. Graft density of the brush was estimated from dry thickness of brush (measured using SEM) (see Zou et al. (2011) for details) and was found to be ≈ 0.5 chains/nm 2 for 14 hours of polymerization. In the absence of accurate measurement of Kuhn length of PNIPAm in literature (Halperin and Kroger, 2011) , we assume effective monomer size a ≈ 1 nm. We take the binary interaction parameter for PNIPAm to be v = 2a 3 × (31.4 × (1 − T /307.80)), where T is temperature in Kelvin, as given in Halperin and Kroger (2011) based on Flory-Huggins parameter reported in Afroze et al. (2000) . At T = 20
• C, surface stress is estimated to be ≈ −20 N/m using (36). We see that stress predicted is qualitatively of the same order of magnitude as measured directly from curvature in Fig. 5 .
Conclusion
This work is aimed at understanding stress in a polymer brush and the mechanics of a soft beam with polymer brush grafted on one of its surfaces. Main conclusions are as follows.
1. We have derived the distribution of lateral stress in polymer brush grafted to a rigid substrate using mean field theory and shown that the stress variation is quartic along height direction of brush in a good solvent as given by (29). Maximum stress occurs near the grafting surface and the stress smoothly goes to zero at the free surface of the brush.
2. The expression for stress in θ-solvent is also derived and it shows a variation different from the good solvent case, and a stronger dependence on graft density as seen in (35). 3. In the expression for stress in brush, nonbonded interaction contributes twice as much as the chain stretching in a good solvent as observed in (29). Their contributions are equal in a θ-solvent. 4. Surface stress due to polymer brush has stronger dependence on graft density than on molecular weight of polymer chains in the brush as suggested by (36). 5. Surface stress and the surface elastic modulus for a brush layer are of the same order of magnitude. Hence, the effect of surface elasticity in small strain deformation is negligible (see (36), (38)). 6. Governing equations for finite deformation (but small strain) of a beam with a coating of polymer brush on its top surface have been derived (70). The Young-Laplace term, needed to satisfy equilibrium of surface layer, and effect of curvature on elasticity of surface layer have also been included in the equations. On neglecting the contributions of the Young-Laplace effect and the curvature elasticity of surface, the expression for curvature of a beam with surface layer reduces to the results reported in literature. 7. The curvature -surface stress relation obtained using the continuum mechanics model has been used to estimate surface stress due to a thermoresponsive polymer brush grafted on a pPVC beam experimentally. The surface stress due to the brushes is found to be of the order of −10 N/m and it can be decreased in magnitude by ≈ 10 N/m by increasing temperature from 15
• C to 55 • C. 8. Graft density and molecular weight of the brush have also been estimated experimentally and used to estimate surface stress. The estimated surface stress is of the same order of magnitude, however no quantitative conclusion can be drawn due to large number of approximations involved in the estimation.
Quartic variation of stress in a brush has been confirmed by molecular dynamics simulation and will be reported as a separate study. Further extension of the theory proposed is to include the effect of temperature on PNIPAm-co-PDMA brush by incorporating temperature dependent polymer-solvent interactions. Furthermore, the analytical expressions for stress distribution in brush and the surface stress and surface elasticity of brush are based on mean field theory for moderate graft density. It can be extended to higher graft density in future using numerical studies utilizing molecular dynamics simulations.
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Appendix A. Comparison of brush heights obtained from different theories
Here we obtain the variation in height of a polymer brush with a change in solvent quality using mean field Flory theory, and compare it with SST prediction in Zhulina et al. (1991) and scaling theory based prediction in Utz and Begley (2008) .
To start with, we assume a step profile for the brush. Then, monomer density in the brush is a constant and is given by N ρ g /H. Employing Flory like arguments, we can write the free energy of a polymer chain in a brush as a sum of the contributions from the chain stretching and the polymer solvent interaction, accounting for ternary interaction as follows:
where H/ρ g is the volume occupied by a polymer chain. By minimizing F step with respect to the height of the brush (H) (dF step /dH = 0), we can obtain the expression for the height of the brush. Below we discuss height approximation in good, θ and poor solvent regime. In a good solvent condition, binary interaction dominates and contribution from ternary interaction can be ignored (Zhulina et al., 1991) . In θ solvent, v = 0 and hence contribution from binary interaction is zero. In a poor solvent with large magnitude of binary interaction parameter but with a negative sign, energy contribution from the chain stretching can be ignored (Zhulina et al., 1991) . The above assumptions allow derivation of asymptotic expressions for the height of a brush in solvents of different solvent qualities. The tables below show the heights obtained from the above approximation with predictions from SST and scaling theory. Table A .3: Comparison of expressions for height of a brush in good (though applicability is limited to solvent conditions leading to weak excluded volume interaction), θ and poor solvents obtained from mean field Flory theory (Alexander, 1977) and SST (Zhulina et al., 1991) and scaling theory (de Gennes, 1980; Utz and Begley, 2008) . Scaling of brush height with N and ρ g obtained from each of the theories is the same. Also, for a classical polymer, v = a 3 (1 − 2χ) and w = a 6 (de Gennes, 27 1979). So, we can see that scaling with respect to monomer size is also consistent.
For the good solvent case, SST gives 34% larger brush height compared to the height derived from Flory arguments, but it is 26% lower than the prediction from the blob model.
